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Abstract 
Friction between sliding surfaces is a fundamental phenomenon prevalent in many aspects of 
engineering. There are many sliding contact tribometers that measure friction force in a 
laboratory environment. However, the transfer of laboratory data to real machine elements is 
unreliable. Results depend on the specimen configuration, surface condition and environment. 
In this work a method has been developed that uses the nonlinear response of a high-power 
ultrasonic wave to deduce friction coefficient in-situ at an interface. When the high-power shear 
wave strikes a frictional interface, relative slip can occur. It imposes a nonlinear response and 
causes generation of higher-order odd frequency components in received ultrasonic signals. The 
amplitude of the harmonics depends on contact stress and local friction coefficient.  
This nonlinear ultrasonic response has been investigated both numerically and experimentally. A 
simple 1D model has been used to predict nonlinearity generation. This model has been compared 
with experiments conducted on aluminium rough surfaces pressed together under increasing 
loads. Two strategies have been used to estimate the friction coefficient by correlating 
experimental and numerical third-order nonlinearity. It has proved possible to determine the 
friction coefficient in-situ at the interface; values in the range of 0.22 to 0.61 were measured for 
different surface configurations.  
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1! Introduction 
Friction is present wherever one surface slides over another. It is a fundamental parameter that 
affects machine performance and operation. Despite this, measuring friction, and especially 
transferring results from the laboratory to real components, remains problematic. Measured 
friction depends strongly on the test specimen configuration, the environment, and critically on 
the surface preparation. The unifying feature of laboratory friction measuring devices is to 
measure the tangential force simultaneously with the normal force. The pin-on-disc specimen 
configuration, where a pin is held stationary and pressed against a rotating disc, and its variations 
are common means for macroscopic friction measurement. Friction force oscillation was 
commonly observed in this test, resulted from nonuniform condition on the disc due to lubrication 
and material transfer, and friction coefficient of dry sliding contact was reported of 0.31 with 17% 
error [1]. Atomic Force Microscopes (AFM) or its modification Friction Force Microscopes 
(FFM) are widely used to measure friction at the atomic scale in the field of micro-tribology [2]; 
the small friction force is determined by measuring the motion of a cantilever electronically or 
optically in the interaction of a sharp tip and the specimen surface. The normal force can be 
converted from vertical deflection of the cantilever and friction can be measured from the lateral 
deflection or twist of the cantilever. Experimental conditions of the AFM/FFM contribute in 
variations of measurement of friction force and friction coefficient and calibration methods are 
required and deviation of friction measurement varies from 5% [3] to 40% [4]. In both 
configurations, most measurement is taken during sliding and the kinetic friction coefficient is 
determined. The Centrifugal Friction Apparatus (CFA) is devised to measure the static friction [5], 
where a mass is placed on a rotating disc, in equilibrium by centrifugal force and friction. At the 
point the mass starts to slide, the centrifugal force is measured as the friction. Static friction 
coefficient of sliding samples were measured from 1.8 (38% deviation) to 0.36 (less than 5% 
deviation) with increased normal loads [5]. AFM was applied in measuring static friction 
coefficient and deviation was from 12% to 33% [6]. Factors affecting frictional behaviour limit 
the application of friction coefficient measured using these methods in physical situations [7]. An 
alternative approach is to measure the friction directly in a machine element, such as a bearing or 
gear pair. This is commonly achieved by measuring torque on the whole component, or 
subsystem, using some strain gauge based approach. This has the advantage of giving data for the 
real component in its natural operating environment. For example, thread friction in aerospace 
fasteners have been measured using this method and friction coefficient was 0.12 (approx.10% 
error) [8]. However, friction frequently originates at a number of contact interfaces in the 
component or sub-system that are under varying loads, and extracting friction coefficient for a 
particular interface is difficult.  
In this work, rather than generating slip by macro-sliding, an ultrasonic pulse is used to generate 
nano-scale slip at an interface. We investigate ultrasound both to cause the relative sliding motion 
and to measure the resulting signal. Non-invasive ultrasonic methods have been extensively used 
in tribological systems to measure oil film thickness [9], lubricant viscosity [10] and contact 
pressure [11] in-situ. In these conventional ultrasonic techniques, pulses are low power and when 
they strike an interface they do not result in any irreversible change in the contact state. 
Deformations are small, and the process is linear and elastic. However, high power sound waves 
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can cause opening or closing of an interface [12], or interfacial slip [13]. This is non-linear and 
known as Contact Acoustic Nonlinearity (CAN). When a high power longitudinal polarised wave 
travels to a closed interface, it may open under tensile pressure or be further compressed under 
compressive pressure; this is known as the clapping effect. Ultrasound only propagates through 
the interface under compression and this discontinuity results in higher order harmonics (2f, 3f, 
etc.) being generated. Previous work has been based around CAN in longitudinal waves to 
investigate nonlinearity generation at un-bonded interfaces [12, 14, 15] and kissing bonds in 
adhesive joints [16]. 
When high power bulk shear ultrasound propagates through a compressed rough interface, its 
polarisation direction parallel to the interface, the shear stress induced may make the interface slip 
and cause a discontinuity. Higher odd order harmonics (3f, 5f, etc.) are generated in both 
transmitted and reflected waves [17]. On the contrary to longitudinal waves, where stress causes 
interface clapping, a shear wave can trigger nonlinear stick-slip phenomena, and this nonlinearity 
generation may be useful in determining friction and friction coefficient [17, 18]. Previous studies 
[17-22] have focused on analytical and numerical studies of the ultrasonic nonlinearity at a 
contact interface. Contact nonlinearity generation at an interface caused by stick-slip phenomena 
using only normal incident shear waves has been studied using various approaches [17-21]. 
Blanloeuil et al. [22] focuses on oblique incident shear wave where both clapping and slipping 
effects can occur with the former being more dominant. Less common are studies of shear wave 
CAN by experiment; one particular example of which is the combined experimental and 
numerical approach of [21].  
This work demonstrates how these principles of CAN in bulk shear waves can be used to estimate 
friction coefficient. The paper consists of three parts. Firstly, a simple numerical model is 
employed to investigate the harmonic generation from nonlinear interfacial stick-slip motion. The 
effects of incident wave amplitude, contact stress, and friction coefficient are studied. In the 
second part, nonlinearity generation is investigated experimentally using a high frequency 
nonlinear ultrasonic technique. The nonlinearity from the rough interface is assessed for various 
contact loading conditions. In the third part, the two approaches are combined to estimate the 
friction coefficient at a contact. 
 
2! Nonlinear ultrasonic response from a frictional interface 
The interaction of shear polarised ultrasound with a frictional interface is depicted schematically 
in Figure 1. Two identical homogeneous, isotropic elastic materials, � (defined by � < 0) and �� 
(� > 0) are contacting under a normal contact stress, �. At the interface (� = 0), friction is 
characterised by Coulomb’s law with a constant friction coefficient, �. When sliding the frictional 
shear stress is proportional to the applied normal contact stress (� = ��). When a high-power 
shear polarised ultrasound strikes a frictional interface, interfacial slip distorts the wave. The 
ultrasonic wave generates a sinusoidally varying shear stress at the interface. When the peak 
amplitude of the wave exceeds the limiting frictional shear stress (� = �� ), the maximum 
tangential stress propagating through the interface is truncated to that limiting shear stress. The 
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stress waveform of the transmitted wave is therefore clipped and the reflected wave is distorted 
[17, 20], see also Figure 2 which is described later. 
 
Figure 1 Schematic diagram of shear ultrasound incident at a normally rough interface. 
A pure sinusoidal waveform is used as the incident wave because it consists of a single frequency 
and any distortion of reflected and transmitted waves can be examined for harmonic generation. 
The displacement and stress of the incident wave are given by [17, 21]: 
 �(�, �) = �! ���(�� − ��), (1) 
 �(�, �) = ���! ���(�� − ��), (2) 
where �!, � and � are the displacement amplitude, angular frequency and wavenumber of the 
shear ultrasonic wave, respectively. � is the shear modulus of the contacting material � and ��. 
At � = 0 the shear stress by ultrasound � is greater than the limiting frictional stress ��, and 
contact is assumed to be in ‘slip’ state. ‘Slip’ stops and ‘stick’ occurs at a critical time �∀ when: 
 ���!|���(��∀)| = ��. (3) 
Rearranging Equation (3) gives: 
 �∀ = ���#∃( �����!). (4) 
When the shear stress overcomes the limiting friction, contact switches to ‘slip’ again. As 
depicted in Figure 2 and Table 1, under a shear wave, contact state alternates between ‘stick’ and 
‘slip’. 
Table 1 Contact state alternation and critical time 
Contact state Slip → Stick Stick → Slip Slip → Stick Stick → Slip 
Critical time �∀∃ = �∀ �∀% = �� − �∀ �∀& = �� + �∀ �∀∋ = 2�� − �∀ 
The shear stress variation caused by the ultrasonic wave is illustrated in Figure 2(a). When the 
contact sticks, the incident wave propagates through the interface without distortion. At a slipping 
contact, the maximum shear stress supported by the interface is the friction limit (��) and shear 
stress transmitted remains at that level. Figure 2(b) shows the wave distorted by slip at the 
interface.  
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Figure 2 Shear stress caused by an ultrasonic wave and the effect of limiting friction at the interface: 
(a) before distortion; (b) after distortion.  
Due to the truncation, the waveform in Figure 2(b) more closely resembles a square wave; which 
can be mathematically represented by � = �∃���(��) + �&���(3��) + �(���(5��) +⋯. The 
spectrum thus contains higher order odd harmonics (i.e. third (3�), fifth (5�), etc.) in the reflected 
and transmitted waves [17,20]. Detecting the presence of these higher orders, therefore, indicates 
that limiting friction has been exceeded and slip has occurred. 
 
3! Mathematical Model 
3.1! Governing equations 
A mathematical modelling approach from [17, 23] is followed here (depicted in Figure 1). The 
incident shear wave and reflection in � and transmitted wave in �� is described by �(� − �/�), �(� + �/�) and ℎ(� − �/�) respectively. Propagation of incident, reflected and transmitted waves 
are governed by the wave equation: 
 �% �%�(�, �)��% = �%�(�, �)��% , (5) 
where �(�, �) is the displacement of the shear wave, � is the speed of sound in � and ��. In each 
material, the total displacement is given by: 
 �)(�, �) = �(� − �/�) + �(� + �/�), (6) 
 �))(�, �) = ℎ(� − �/�). (7) 
The corresponding shear stress in � and ��, τ is obtained as: 
 �)(�, �) = � ��(�, �)�� = �� [−�′(� − �/�) + �′(� + �/�)], (8) 
 �))(�, �) = �� [−ℎ′(� − �/�)]. (9) 
The amplitude of the normal incident shear wave is assumed sufficiently large to trigger ‘slip’ at 
the interface. Constant contact stress, � is applied to the interface to remain in a closed state 
during the alternation of ‘stick’ and ‘slip’ state. The boundary conditions are defined as: 
 Ι�) = �)) + ∆��) = �)) ′�����′, (10) 
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 �) = �)) = −���(�)̇)�� ′����′, (11) 
where ∆� is displacement difference, �)̇ the total velocity at the interface in � and ���() the sign 
function. The friction is in the opposite direction to velocity at the interface (Equation (11)). 
Stress continuity at the interface regardless of contact state is described by �) = �)). Velocity at 
the interface is defined as: 
 �)̇(�, �) = ��)�� = �′(� − �/�) + �′(� + �/�). (12) 
Combined with Equation (8), expression of the derivative is given as:  
 
⎩⎪⎨
⎪⎧�′(� − �/�) = 12Σ�)̇(�, �) − �� �)(�, �)Τ ,
�′(� + �/�) = 12Σ�)̇(�, �) + �� �)(�, �)Τ .
 (13) 
 
3.2! Numerical implementation 
Several powerful tools have been developed for tackling stick-slip phenomena. 2-D Boundary 
Element Method (BEM) has been used in studying the interaction of out-of-plane shear wave [13] 
and in-plane waves [18] with the frictional interface. In recent work the Finite Element Method 
(FEM) has been used in modelling the nonlinear interaction of shear waves with a frictional 
interface and studied the contact nonlinear generation with normal incident shear wave [20] and 
oblique incidence [22] and incorporating roughness of the contact interface [24]. 
In this numerical study, the propagation of shear ultrasound and interaction at the frictional 
interface was modelled using a simplified 1-D finite difference (FD) model [21, 25]. Compared 
with other elaborate numerical and computational approaches, this simpler finite difference 
method is sufficient to capture the fundamental physical process, i.e. stick-slip phenomena at the 
interface, not the detailed modelling of practical situation. This simpler approach shows 
reasonable agreement with other methods for determining the effect of input amplitude and 
contact stress [21]. As illustrated in Figure 3, a half-space material and a rigid wall are in contact 
at � = 0 under a contact stress. A shear wave propagates from the source at � = −� towards the 
interface. At � = −� , a transparent boundary is defined to permit waves only transmitting 
through towards � = −∞. 
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Figure 3 Schematic diagram of simplified 1-D model. 
At the frictional interface, Equation (10)-(11) are rearranged as: 
 W|�)(0, �)| < ���̇)(0, �) = 0 ′�����′, (14) 
 W|�)(0, �)| = ���)(0, �)�̇)(0, �) ≤ 0 ′����′.	 (15) 
For simplicity, the static friction coefficient for ‘stick’ state in Equation (14) and the kinetic 
friction coefficient for ‘slip’ state in Equation (15) was assumed equal to a constant value �. The 
wave equation (Equation (1)) is discretised using a classic Euler scheme as: 
 �% �∗+∃,− − 2�∗,− + �∗#∃,−��% = �∗,−+∃ − 2�∗,− + �∗,−#∃��% , (16) 
where the subscript �  and �  denotes the space and time index, respectively. ��  and ��  are the 
space and time increment. The Courant-Friedrichs-Lewy (CFL) condition was considered and 
expressed as �(��/��). This term should be less than unity to ensure a stable numerical solution. 
To resolve the third harmonic component, a fine space increment, less than a fiftieth of the 
wavelength of third harmonic was used. The CFL was approximately 0.7 in computation to 
ensure the stability. 
At � = −�, to limit the computation domain size, a transparent boundary was used, defined by: 
 �′(� + � �⁄ ) = �(�) (17) 
where �′ is defined in Equation (13) and �(�) is the source term, equivalent to imposed particle 
velocity. At this boundary, incident wave defined by �(�)  enters the computational domain 
moving to the right and any backward wave is absorbed without further reflection. 
After rearrangement, the strain formulation is obtained as Equation (18) and discretised as: 
 �̇(−�, �)� − ��(−�, �)�� = 2�(�)� , (18) 
 12 (�∃,−+∃ − �∃,−�� − � −3�∃,− + 4�%,− + �&,−2�� ) = �(�). (19) 
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At the frictional boundary, � = 0, the contact was assumed ‘stick’ initially and the shear stress 
was obtained from the second-order upwind scheme discretisation. The next time step solution at 
this boundary is given by: 
 ⊥�∗,− = �−3�∗,− − 4�∗#∃,− + �∗#%,−2���∗,− = �∗,−#∃ ′�����′, (20) 
 _�∗,− = 2���∗,−/� + 4�∗#∃,− − �∗#%,−2���∗,− = ±�� ′����′. (21) 
The procedure for computing the shear polarised ultrasound at a frictional interface is summarised 
in the flow chart Figure 4. This was coded in the MATLAB (MathWorks) environment and a 
single run, with a computation domain of 8890 nodes in time and 1500 spatial nodes, takes less 
than 1 second to execute on a conventional laptop. 
 
Figure 4 Flow chart of the numerical computation procedure. 
3.3! Model results 
A dimensionless parameter � has been used to assess the dependence of nonlinearity generation 
on ultrasound and contact parameters [17, 18, 20, 21]: 
 � = �����! (22) 
This dimensionless parameter defines the ratio of the friction limit to the maximum shear stress 
generated by ultrasound at the interface. For 0 < � < 1 shear stress exceeds the limiting friction 
and ‘stick-slip’ motion occurs. A value greater than unity indicates the limiting friction is not 
exceeded and the contact remains in ‘stick’. 
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 ⊥	� = 00 < � < 1� ≥ 1 							
′������������	�������′′����� − ����′′�����′ . (23) 
The energy carried by the ultrasound wave at a point � was calculated using the shear stress � and 
the velocity �̇ as: 
 �(�) = γ�(�, �)�̇(�, �)��. (24) 
The energy dissipation at the frictional interface was determined at � = 0 . The energy and 
dissipation at the rough interface is shown in Figure 5. When contact is at ‘stick’ state (� > 1), no 
relative motion occurs at the frictional interface. Energy in the incident wave transfers into the 
transmitted wave and no energy is dissipated. During ‘stick-slip’, incident wave energy splits into 
reflected, transmitted waves and dissipation at the frictional interface. Most energy dissipates at � ≈ 	0.4. The total energy of reflection, transmission and the dissipation equals the total energy of 
the incident wave, which indicates energy conservation in the numerical model. 
 
Figure 5 Energy carried by incident, reflected and transmitted wave and dissipation at frictional 
interface. (Friction coefficient 0.3 used). 
The numerical computation was implemented in the time domain. The incident and the reflected 
signals were extracted from the time domain (Figure 6(a)) and a Fast Fourier Transform (FFT) 
was performed to yield the frequency spectrum (Figure 6(b)). The amplitude of both the 
fundamental frequency (�), �∃ and the third harmonic (3�), �& were determined. 
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Figure 6 (a) Time domain and (b) frequency spectrum of incident and reflected wave numerically 
computed at x= -30mm. (For this case incident amplitude 2.4nm, contact stress 0.35MPa and friction 
coefficient 0.3 used). 
The effect of the incident wave amplitude and the contact stress on harmonic generation was 
investigated using this numerical model. A stress range of 0 – 2 MPa was applied to compress the 
friction interface; this corresponds to the experiments performed (described in Section 4) where 
CAN was found to occur in this contact pressure range. The calculated amplitudes of the 
fundamental and third order harmonics are shown in Figure 7. Various levels of incident wave 
amplitude were simulated (1.6 - 6.4nm). As the contact was compressed, more shear wave energy 
travels through the interface and less reflects. So the fundamental frequency amplitude, �∃ 
decreases with increasing contact stress for the reflected wave (Figure 7(a)). A larger incident 
amplitude results in a larger reflected wave amplitude. 
The third order harmonic amplitude, �& shows a characteristic ‘rise-fall’ shape with increasing 
contact stress, for all incident amplitudes (Figure 7(b)). At a low contact stress, the shear wave 
triggers ‘slip-stick’ motion and creates the nonlinear interaction. Increasing contact stress 
encourages nonlinearity generation and it peaks at � = 0.5 (as depicted in Figure 7(c)). Further 
compressing the contact, however, makes the ultrasonic shear stress difficult to overcome the 
increasing limiting friction. The ‘stick-slip’ is impeded and nonlinearity generation drops. Any 
further increase in the contact stress makes the contact fully ‘stick’ and no more nonlinear 
interaction occurs. A larger incident amplitude allows a higher contact stress at which the ‘stick-
slip’ terminates (Figure 7(b)) and more harmonic generation. 
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Figure 7 (a) Fundamental frequency amplitude, (b) third-order harmonic amplitude and (c) 
dimensionless stress. (For a friction coefficient of 0.3). 
The effect of friction coefficient is shown in Figure 8. Increasing the friction coefficient makes 
harmonic generation occur over a narrower contact stress range. With a lower friction coefficient, 
the limiting friction is easy to overcome to permit the ‘stick-slip’ motion, even under high contact 
stress. With a higher friction coefficient, ‘stick-slip’ occurs only at low contact stress. 
 
Figure 8 Effect of friction at interface on third-order harmonic amplitude. 
 
4! Experiments 
4.1! Loading apparatus and test specimens 
Test specimens made from Aluminium Alloy 6082 were pressed together in a hydraulic loading 
frame, as shown in Figure 9. A load cell was placed on top of the specimen pair to measure the 
externally applied load. Specimens were first machined to a cylinder and then the contacting 
surfaces were ground and polished with abrasive papers of various grades. The surface roughness 
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of each test specimen was measured using an optical profilometer (InfiniteFocusSL, Alicona); the 
composite root mean square roughness of each specimen pair tested is given in Table 2. 
 
Figure 9 Schematic diagram of experimental setup and apparatus. 
Table 2 Composite surface roughness of test contact pairs. 
Contact pair # 1 2 3 4 5 6 7 8 9 
Roughness (µm) 0.722 1.465 0.639 0.652 1.07 1.069 0.782 1.771 0.778 
4.2! Instrumentation and transducers 
The ultrasonic transmitter and receiver were clamped on the same side of the interface (Figure 9). 
The transmitter was a 1MHz normal incidence linear polarised shear wave ultrasonic transducer 
(V153, Olympus). The returning signal was received by a 5MHz wide-band shear wave ultrasonic 
probe (V155, Olympus). Piezoelectric elements (diameter of 12.7mm) were used as both 
transducers and the linear shear wave was generated. The transmitter works primarily at the 
fundamental frequency �  and a wide-band ultrasonic transducer receives the returning signal, 
including both fundamental frequency � and the third harmonic component 3�. This approach 
has been used in previous studies [15, 16, 21]. One practical advantage of this pitch-catch 
configuration over a transmission setup in [21] is that access is needed to only one side of the 
specimen pair, making the mechanical arrangement simpler. The other advantage is that in this 
experiment the nonlinear ‘stick-slip’ motion only occurs at low contact stress, where few 
asperities are in contact and the real area of contact is low; this results in a ‘strong’ reflection but 
a ‘weak’ transmission signal. In Figure 10, the reflected signal was measured with both a solid-
solid interface and a solid-air interface. 
 
Figure 10 Configuration of the pitch-catch reflection method for the test case and a reference case. 
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Due to the thickness of the upper specimen, the path length of the 1MHz ultrasonic wave only 
permits approximately 20 cycles without overlapping with subsequent reflections. To maximise 
the interaction of shear wave with the frictional interface, a tone-burst 15-cycle sinusoidal wave 
was excited and amplified using a gated amplifier (RAM5000, Ritec) to drive the transmitter and 
the excitation voltage was from 2V to 560V (peak-peak). Received signals were digitised using 
an oscilloscope (Picoscope 5444B, Pico Tech) and stored on a laptop for post-processing.  
4.3! Measurement of incident ultrasound shear stress 
An important step in the analysis that follows is to know the magnitude of the shear stress 
generated at the interface by the incident ultrasonic wave. It is difficult to predict this on the basis 
of the magnitude of the voltage pulse used to drive the transmitter, as it depends on the piezo-
electric constant and attenuation in the coupling layer and specimen material. In this work direct 
measurement of the displacement was carried out using a laser vibrometer (OFV534 and OFV 
2500, Polytec) and converted to stress [21, 26]. 
It is challenging to measure the shear stress caused by ultrasound between test specimens as it lies 
in the plane of the contacting surface. Here, we measure the shear stress at a free (i.e. out of 
contact) surface and tacitly assume it is close to that when there is contact. The true displacement 
at contacting surface is overestimated, as displacement is greater at the free surface. This leads to 
the overestimation of shear stress. A 45° angle configuration was used (shown in Figure 11). The 
component of the shear wave displacement in x-direction was measured for the 1MHz ultrasonic 
transmitter which was exited at various voltages (90-560V). The measured displacement was 
converted to the displacement parallel to the contacting face along the tangential direction using 
simple trigonometry. The shear stress, � induced by the ultrasound wave was then calculated 
from: 
 � = ��� (25) 
where �  is the shear modulus of specimen material, �  is the wavenumber and �  is the 
displacement amplitude. The results for measured displacement and shear stress resulting from 
various excitation voltages are given in Table 3. 
 
Figure 11 Configuration of surface shear stress measurement using a laser vibrometer. 
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Table 3 Measured displacements and shear stress at 1MHz caused by various voltages applied to the 
piezoelectric transducer. 
Excitation voltage, Vp-p 90 140 280 420 560 
Displacement, � (nm) 9.13±2.83 14.52±1.39 21.97±1.76 31.37±1.78 42.35±1.41 
Shear stress, � (MPa) 0.50±0.15 0.79±0.08 1.19±0.10 1.71±0.10 2.30±0.08 
4.4! Signal processing and removal of system nonlinearity 
Figure 12(a) shows a raw captured waveform consisting of two successive reflections, as 
ultrasound bounced back and forth inside the specimen. Each reflection signal consisted of a 15-
cycle sinusoidal waveform as the incident wave. A few steps were taken to process the signal. 
The first reflected signal was extracted from the time domain as its amplitude was maximum. A 
Hanning windowing function [26] was applied to the extracted signal and a Fast Fourier 
Transform (FFT) to obtain the frequency information and the amplitude of both the fundamental 
frequency, �∃ and the third harmonic, �& were recorded (Figure 12(b)). 
 
 
 
 
Figure 12 Steps in signal processing (a) extraction of the first reflected signal, (b) subsequent FFT 
(incident wave was a 15-cycle toneburst). 
The frictional interface is not the only source of non-linearity in the reflected signal. The system 
will also be subject to in built non-linearities arising from, for example, the amplifier, coupling 
layer, or test specimen bulk materials. To remove these unwanted effects, an approach derived 
from [21] was used. A scaling factor �.  for the harmonic generation from a very low-power 
(excitation voltage 2V) solid-solid interface (Figure 10) (Equation (26)) and �/  for the 
nonlinearity from amplification in solid-air contact (Equation (27)) was derived to separate and 
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remove the nonlinear response originating inside the system from the measured nonlinearity 
(Equation (28)-(29)) to yield the nonlinearity only from the contact, �&. 
 �. = �&0,1,22�∃0,1,22, (26) 
 �/ = �&0,3,2.�&0,1,2. , (27) 
 �&2,22 = �. × �/ × �∃0,22, (28) 
 �& = �&0,22 − �&2,22. (29) 
where lowercase superscript � stands for system inbuilt nonlinearity, � for measured value, �� 
for solid-solid contact and �� for solid-air contact and upper case superscript � is for low power 
and � for high power conditions. Unless otherwise specified, �& refers to the nonlinearity from 
the contact in a solid-solid interface. 
Figure 13 shows an example case for the measured harmonic �&0,22, system inbuilt nonlinearity �&2,22 , nonlinearity from the contact �& , as well as the measured harmonic from a solid-air 
interface, �&0,2. . The system inbuilt nonlinearity (i.e. from test equipment, test specimen and 
power supply) is less than the contact nonlinearity. The contact nonlinearity shows the 
characteristic ‘rise-drop’ shape with increasing contact stress. The system non-linearity, and the 
measured harmonic �&0,2. for the solid-air interface do not vary with contact stress. This indicates 
that the ‘stick-slip’ at frictional interface is the cause of the nonlinearity generation. This 
approach has been adopted to remove system nonlinearity effects in the following experimental 
results.  
 
Figure 13 Measured harmonic !!
∀,∃∃, system inbuilt nonlinearity !!
∃,∃∃, nonlinearity from a solid-air 
interface !!
∀,∃%, and extracted contact nonlinearity !! in a solid-solid contact (Input voltage 280V, 
Contact pair #1). 
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5! Experimental results  
5.1! Measurement of contact non-linearity 
Figure 14 shows the amplitude of the third harmonic �& from a solid-solid interface (contact pair 
#1) subject to various input voltages. The input voltage increases the amplitude of the ultrasonic 
wave and hence the shear stress at the interface. The ‘rise-drop’ characteristic is observed when 
the excitation was greater than 90V; from then on the magnitude of �& increased with increasing 
voltage.  
 
Figure 14 Measured amplitude of the third harmonic which indicates the amount of contact 
nonlinearity and hence slip (contact pair #1). 
The effect of contact stress on contact nonlinearity generation is shown schematically in Figure 
15. At low contact stress, there are only a few asperities in contact and real area of contact is low. 
The nonlinear ‘stick-slip’ phenomenon may just be triggered at those contact regions. Increasing 
contact stress at the interface brings more asperities into contact. There are therefore more 
asperity contacts subject to slip, more nonlinearity generation, and the amplitude of the third 
harmonic increases to a maximum. Further compressing the interface causes more contact to 
occur, but the shear stress (��) need to cause slip also increases. Less of the asperity contact 
points are able to slip and nonlinearity generation reduces. Eventually the contact stress is high 
enough such that no contact regions slip and nonlinearity generation falls to zero. 
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Figure 15 Schematic diagram of test specimens under various contact stress indicating regimes of 
nonlinearity generation. 
5.2! Comparison with numerical results 
The amplitude of contact nonlinearity �&  measured in the experiment shown in Figure 14 is 
replotted as a contour map in Figure 16(a). The input voltages have been converted into shear 
stress using Equation (25) and the calibration data in Table 3 as described in Section 4.3. Figure 
16(b) shows the prediction of the numerical model for the same parameter set. To facilitate the 
comparison with numerical computation, the harmonic amplitude �&  has been normalised by 
dividing by the maximum contact nonlinearity measured. 
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Figure 16 Comparison between (a) experimental and (b) numerical results for contact nonlinearity 
(friction coefficient of 0.42). (c) Schematic diagram of contact nonlinearity. 
The region of nonlinearity where normal and shear stress are such that slip has occurred can 
clearly be seen in both plots, and the extent of nonlinearity generation resemble each other. In 
both experimental and numerical results, contact nonlinearity occurs at high shear stress 
(2.3MPa). Contact stresses in the range of (1.8-6.4MPa) in the experiment show significant 
generation of nonlinearity (shown by red contour, normalised value greater than 0.6), while in the 
numerical results, harmonic generation occurs at a narrower contact stress range (1.5-4.2MPa), 
which is mainly due to the effect of friction coefficient used in numerical computation. 
Despite the friction coefficient difference used in this comparison, it may still be observed that 
experimental results offer smooth and gradual transition from contact nonlinearity generation 
(stick-slip zone) to non-generation (stick zone), while this transition is not clearly observed in the 
numerical results. Stick-slip and contact nonlinearity is stopped sharply in the numerical model 
with little transition. This sudden transition of limiting shear stress for slip to occur, is 
schematically shown in Figure 16(c). 
The difference of transition from stick-slip zone to stick zone in experimental and numerical 
results is because the numerical model does not represent the contact of rough surfaces, 
demonstrated in Figure 17. In the simple 1-D FD model, only the dominant physical process, i.e. 
stick-slip phenomena is captured. In this model, contacting surfaces are assumed flat without 
realisation of asperities and the true contact area equals the apparent contact area.  This means 
that the entire flat surface is in contact and slip occurs at all points in the contact simultaneously. 
In the experimental case, the contact is rough and occurs on a few load-bearing asperities where 
the nonlinear interaction takes places. Contact stress may not be evenly distributed. Elastic and 
plastic deformation may occur on these load-bearing asperities under high local normal stress and 
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this makes the contact in stick. Whilst the high normal stress, a few load-bearing asperities may 
develop into contact under low local stress, but high shear, which still makes slip occur. This has 
the effect of extending the nonlinear region to higher contact stress. 
 
Figure 17 Contact conditions in (a) numerical and (b) experimental work. 
5.3! Estimation of friction coefficient  
In the previous section, experimental results show that the onset of slip can be observed from the 
appearance of contact nonlinearity in the reflected signal. In this section, two strategies have been 
used to calculate the friction coefficient from this nonlinear ultrasonic response. 
5.3.1! Cut-off stress strategy 
The first strategy was to use a ‘cut-off’ stress. The ‘cut-off’ stress is defined as the contact stress 
at which the harmonic generation no longer occurs. A clear ‘cut-off’ stress is easily observed in 
the numerical computation at � = 1 (Figure 18(a)). However, in the experimental data, it is more 
difficult to clearly identify this cut-off point (Figure 18(b)). Instead, it is easier to identify the 
corresponding contact stress at the nonlinearity peak (� = 0.5) and then to determine the ‘cut-off’ 
stress in the experimental results using �∀45#677 = 2�89.: . The friction coefficient was then 
calculated using the ‘cut-off’ stress to divide the corresponding shear stress, � according to � =�/�∀45#677 . 
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Figure 18 ‘Cut-off’ stress and peak stress in (a) numerical computation and (b) experimental data 
(input 280V, contact pair #1). 
This approach was applied to calculate friction coefficient at all the applied shear stresses for the 
test specimen pair. Peak points (above 0.98 of its maximum) of contact nonlinearity were selected 
(marked as ‘*’) as shown in Figure 19. A fitting line was applied to these peaks and this shows an 
approximate linear relationship (� = 0.588�) between the shear stress and contact stress. For 
each incident shear wave, the gradient of the line through the origin and each peak point was 
calculated, and the approximate linear relationship between the shear stress and contact stress 
with averaged gradient is � = 0.588� . Half of this gradient was the estimated mean friction 
coefficient for all load cases, which is 0.294 (with standard deviation of 0.0712). The estimated 
cut-off line (� = 0.294�) is plotted on Figure 19(b) as dotted line.  
In this cut-off stress approach, the cut-off stress however is estimated using the relationship 
(�∀45#677 = 2�89.:) from the numerical study and assuming all contact surfaces are the same, 
which is ideal. In the experiment, the true cut-off stress in Figure 18(b) is approximately 7MPa, 
which is greater than twice the peak (approx. 2MPa). This may cause a friction coefficient over-
estimated. The true cut-off stress varies between specimens. 
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Figure 19 Friction coefficient estimation using ‘cut-off’ stress approach (contact pair #1). 
5.3.2! Correlation strategy 
In the second strategy, a simple correlation method was used to fit the numerical computation to 
experimental data. Experimental test condition of all loads (contact stress 0-14MPa and shear 
stress 0-2.3MPa) were used in the numerical model and friction coefficient was incrementally 
changed from 0 to 1 in steps of 0.01 in each computation. With each friction coefficient, the 
contact nonlinearity amplitude �& was first computed for test condition of all loads and then a 
correlation was carried out between the numerical results and the experimental data. The friction 
coefficient at which maximum correlation was achieved was recorded as the mean friction 
coefficient of all loads. Using this approach, the friction coefficient of the test specimen pair #1 
was found approximately as 0.255 with a 98% bounds from 0.225 to 0.290 (Figure 20), which is 
used as the error of this approach. 
 
Figure 20 Friction coefficient estimation using correlation approach. 
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The correlation made between harmonic amplitude �& in the numerical and experimental work, 
depends on the performance of the numerical model. As this simple 1D model only captures the 
stick-slip process and nonlinearity generation, without further realisation at the interface, it affects 
the friction coefficient estimation.  
5.3.3! Comparison of all friction coefficient values 
Friction coefficient for all the contact pairs (Table 2) were measured using a simple sliding test 
configuration. In the sliding test, each actual test specimen pair was mounted on a tilting table. 
The table was tilted gradually until the top test specimen slid relative to the bottom one. The 
tilting angle was measured and converted into a friction coefficient. 
The friction coefficients for each test contact pair, obtained using the two strategies described 
above, are shown in Figure 21. Results from the sliding test and published data [27] are shown for 
comparison. In published work, friction coefficient ranged from 1.2 to 1.4. In the sliding test for 
the contact pairs it ranged from 0.34 to 0.49, and the error was the standard deviation of 25 
repeats. The friction coefficient estimated using cut-off stress and correlation strategies ranged 
from 0.22 to 0.61 and 0.22 to 0.54, respectively. The error of the cut-off stress method was 
obtained from the gradients calculated at the peak points of �&. A 98% bounds was used as the 
error in the correlation approach. 
The measurement using the ultrasonic method was carried out once for each contact pair. Repeats 
were not conducted since the contacting surfacing would differ after each contact loading-
unloading process. During the measurement, a fixed shear stress was applied, and the contact 
stress was increased and removed, and then the next shear stress applied. For each loading 
condition (certain input shear stress and contact stress) 100 repetition was made. Due to the 
limited number of repeats in ultrasonic approach, this may increase the randomisation of the 
experiment. 
Inevitably, it is not possible to reproduce test or environmental conditions precisely and so a 
degree of scatter is expected. Despite the variations, the friction coefficient measured using 
nonlinear ultrasound response is in broad agreement with the sliding test results. 
The simple sliding test measures the friction coefficient when relative motion occurs between 
contact pairs. For the ultrasonic measurement the measured friction coefficient is from a localised 
micro-scale area, while the contact pairs remain static at macro scale. The environmental surface 
condition inevitably for these two methods will be different, this may cause the variation between 
results. The cut-off stress strategy uses the peak points (a low number of test conditions) while the 
correlation uses the entire set of test conditions. The friction coefficient from the correlation 
method has therefore more data than the cut-off stress approach which focuses only on the peak 
of contact nonlinearity; this may explain in part why the friction coefficient is greater in cut-off 
stress strategy for most contact pairs.  
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Figure 21 Friction coefficient measured using nonlinear ultrasonic approach (two strategies), sliding 
test, and from published data [27]. 
 
6! Discussion 
The accurate measurement of coefficient of friction is challenging. The results are strongly 
affected by test method, environmental conditions and contacting surface conditions, which 
causes variations between measured friction coefficient. Nevertheless, the friction coefficient 
measured using the nonlinear ultrasonic response in-situ is comparable with published values. It 
is proposed that this ultrasonic method can be used to determine the friction coefficient of a 
contact interface in-situ. 
However, there are some critical limitations to this approach. A fundamental limitation of the 
approach is the relatively low power, and hence shear stress, that can be generated with 
ultrasound. With the current measurement configuration, even when pulsing at 100’s of volts, 
only low shear stress was achieved. This means the active contact stress range which allows the 
nonlinear ‘stick-slip’ motion is very limited (approximately less than 5MPa). This means that 
currently the approach would not be suitable to the high stress contact found in bearings or gear 
teeth. It is more likely to find application in lightly loaded, soft, or polymeric materials; provided 
these materials can transmit ultrasound without excessive attenuation. Increasing input shear 
stress can be achieved by further increasing excitation power, and also by increasing the effective 
sensor area. The generation of shear waves by mode conversion of an oblique incident 
longitudinal wave may also generate more powerful waves. However, all these approaches are 
likely to be rather ineffective compared to the increases in power likely to be required to 
overcome some 100’s of MPa of contact pressure found in many practical machine elements. 
Only dry contact was considered in this investigation. In practice, contact interfaces in machine 
components are lubricated. In a boundary lubrication where solid asperity contact is mixed with 
solid-lubricant contact, friction is the sum of solid-solid and solid-liquid parts. Stick-slip may still 
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occur at solid-solid contact and this may still cause generation of contact nonlinearity. For solid-
lubricant part, nonlinearity of liquid may be measured and this could affect the measured 
harmonic and the friction coefficient estimation. Further work is needed for better understanding.   
It is necessary to know the shear stress generated by the ultrasonic wave at the contact to estimate 
friction coefficient. A laser vibrometer was used to measure the displacement and stress of the 
incident ultrasound at the out-of-contact specimen surface. Analysis was then carried out under 
the assumption that the measured shear stress (from a solid-air interface) was equal to the true 
shear stress at the interface when in contact. This may lead to overestimation of ultrasonic 
induced shear stress and thence the friction coefficient. Further investigation is needed to access 
this assumption and understand the true shear stress in contact. 
The 1-D model is a further limitation. Although the critical ‘stick-slip’ phenomenon and 
nonlinearity generation is captured using this simple model, due to the assumptions made, this 
approach is unable to represent the actual asperity contact at interface. In this research work only 
the static friction coefficient is considered and the kinetic friction coefficient is assumed to equal 
to the static friction coefficient. This may lead to some variations in the estimation of the friction 
coefficient. The estimation presents an ‘averaged’ friction coefficient at the contact. 
In a sliding test friction coefficient is measured globally for contact pairs. In this ultrasonic 
method, although the ultrasonic sensor covers a relatively large area, the measurement is over a 
local region within the contact. This is a strength of this method as it offers the advantage of 
measuring friction coefficient locally in-situ, as friction may vary across an interface. However 
currently both ultrasonic approaches require many measurements at various loading conditions 
before an average friction coefficient is calculated, which is a weakness. This limits its 
application only in globally static conditions and impedes use in dynamic environment.  
Finally, it is instructive to consider what is being measured in this kind of test, and what friction 
means at this scale. In a conventional test, specimens are slid past each other slowly, for a 
relatively long distance, and for just a few cycles (or maybe a few thousand). By contrast in this 
measurement method, the surfaces are slid past each other by only a few nanometres, extremely 
fast, and millions of times per second. What happens microscopically at this scale can only be the 
subject for speculation. 
 
7! Conclusions 
In this work a method to measure friction coefficient in-situ between two surfaces in nominally 
static contact has been developed. The approach uses the passage of a high-powered ultrasonic 
shear wave to cause a very small amount of slip at the interface. It proved possible to create shear 
stresses up to 2.3MPa at the interface which corresponded to surface deflections of around 40nm. 
For lightly loaded contacts (up to 5MPa) it proved possible to record the effects of nonlinearity at 
the interface caused by slip taking place. The passage of an ultrasonic wave was modified by slip 
taking place causing the peaks of the wave to be truncated. The sinusoid then appears more like a 
square wave and so has higher order odd harmonics. The third order harmonic was recorded as a 
measure of nonlinearity and hence slip occurring. 
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The generation of nonlinearity was shown to rise to a peak and then fall as the contact stress on 
the specimen pair was increased from zero. At low contact stress there are few asperities in 
contact and so little slip taking place. As the stress rises the amount of slip incidents increases. 
This occurs until the shear stress no longer exceed its limiting value and the asperity sites begin to 
stick. 
A simple one-dimensional numerical model was used to investigate this nonlinearity generation. 
The model was based on the solution of the wave equation for reflection at a boundary where slip 
was permitted at the interface. The same characteristic shape of nonlinearity generation was 
observed in the simulation. 
Two different strategies were used to compare the experimental results with the model in order to 
estimate the friction coefficient. Friction coefficients in the range 0.22 to 0.61 were measured for 
a range of different roughness contact pairs. These were in broad agreement with published data 
and some simple sliding experiments. 
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